Application has been made of first-principles total-energy band-structure theory to find the equilibrium states under constant pressure of the super-hard cubic diamond (cd) and hexagonal diamond (hd) structures of carbon (C), boron nitride (BN) and medium-hard silicon (Si). The absolute stability of the equilibrium state is found by determinations of the breakdown under pressure of several deformations of lattice parameters around the equilibrium state. The calculations show that the hd structures are much stronger than the cd structures. Thus the γ angle of the hd structure of both C and BN is stable for pressures greater than 20 Mbar while the γ angle of the cd structures breaks down at 13 and 11 Mbar respectively. Also the bulk moduli B of the hd structure of C and BN are substantially greater than the B values of the cd structure above 2 Mbar; the B values of hd structures of C and BN are 20% greater than cd structures at p = 20 Mbar. However the cd structures have greater stability relative to the hd structures as shown by a lower Gibbs free energy at pressures up to 20 Mbar. Comparison is made with the pressure dependences of the medium-hard crystals of Si in the same structures, which show notably different behavior.
Introduction
Much recent work has calculated the properties of the superhard crystals of carbon (C) and boron nitride (BN) in cubic diamond (cd) and hexagonal diamond (hd) phases (denoted as cd C, hd C, c-BN and w-BN, respectively) from firstprinciples total-energy band theory [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . The properties found include total energy, lattice structure, bulk modulus and elastic constants, mainly at zero pressure and without lattice vibrations. The work here is in good agreement with previous work at zero pressure and extends these firstprinciples calculations on non-vibrating lattices systematically to finite pressures, examines stability under constant pressure and compares the stability and bulk moduli of the four superhard crystals; corresponding properties of the medium-hard crystals of Si are shown for comparison.
The properties of the four super-hard crystals are studied quantitatively in three categories, i.e. two measures of stability and a measure of hardness: (1) the absolute stability is given by the maximum pressures p max above which various deformations become unstable, (2) the relative stability of the hd to cd structure of each material at each pressure p is given by the relative values of the Gibbs free energies G cd ( p) and G hd ( p) as a function of p, and (3) comparison of the bulk moduli B cd ( p) and B hd ( p) for C, BN and Si; B gives a measure of hardness which has been demonstrated to be correct for nonmetallic materials [21] . However, there are three conditions that must be met in order for a material to be hard: one is high bulk modulus, which is related to the stretching of bonds, also high shear modulus, which is related to bond bending, and high shear strength, which controls plastic deformation [21, 22] .
Some interesting results found in this work on behavior under pressure in these categories are:
(1) About absolute stability: deformation of the angle γ produces instability at p = 13 Mbar for cd C, 11 Mbar for c-BN and 0.7 Mbar for cd Si. In contrast, hd C and w-BN are stable up to at least 20 Mbar (the highest pressure studied in this work) for deformation of the angle γ . (2) About relative stability: cd C and c-BN are more stable (have lower G values) than hd C and w-BN, respectively; but cd Si is more stable than hd Si only up to 0. The stabilities and properties of the four super-hard crystals under pressure found in this work are interesting beyond their fundamental aspects. First, our results show that cd C seems useful up to 13 Mbar, which marks a limit to the use of C in the DAC (diamond anvil cell)-highpressure research. Second, hd C and w-BN can probably be used to at least 20 Mbar for high pressure studies, because hd C and w-BN do not break down up to 20 Mbar in any of the three deformations from equilibrium we studied (c/a variation, γ variation, internal parameter u variation). Third, the bulk modulus of hd C is greater than that of cd C at p > 1.7 Mbar and the bulk modulus of w-BN is greater than that of cd C at p > 8 Mbar, suggesting that hd C and w-BN are harder than cd C above 1.7 and 8 Mbar, respectively. This work is among the efforts devoted to finding new ultrahard materials with mechanical properties comparable to cd C, including tetrahedrally bonded crystals studied in this work and in [23] [24] [25] , materials with more exotic structures such as crystalline C 60 and other fullerites [26] , C clathrates [22, 27] , Si clathrates [28] , etc.
This work studies the relative instability between two phases due to the pressure-dependent Gibbs free energies of the two phases and absolute instability of a phase produced by small deformations (such as c/a variation, γ variation) from equilibrium under pressure. Another type of instability related to ideal tensile and shear strength is observed from crystal failure under large deformations, which can also be obtained from first-principles calculations [22] . Still other instabilities under pressure, called dynamical instabilities, are found at finite wavenumber by calculating complete phonon spectra [29] . Section 2 gives computational procedures for total energies and numerical results for stability and bulk modulus. Section 3 discusses differences among the crystal phases, difficulties with calculating elastic constants and the need for relaxed elastic constants to find all absolute instabilities.
Computational details and results

Computational procedure for total energy
The total internal energy is calculated using the WIEN2k package [30] , which is an implementation of the full-potential augmented-plane-wave plus local orbital (APW+lo) method together with the Perdew-Burke-Ernzerhof generalizedgradient approximation (PBE-GGA). The APW+lo method expands the Kohn-Sham orbitals in atomic-like orbitals inside the atomic spheres and in plane waves in the interstitial region. A plane-wave cutoff was given by R MT K max = 7. To avoid the overlap of atomic spheres small values of the muffintin radius R MT were used at small volumes (i.e. at high pressure), for example, R MT = 2.0 au was used at 100 < V < 140 au 3 /atom, while 1.8 au was used at 80 < V < 100 au 3 /atom for both cd and hd phases of Si. The magnitude of the largest vector in the charge density Fourier expansion G max = 12, mixer = 0.05 and 1000 k-points in the irreducible Brillouin zone were used in all the band calculations. The k-space integration was done by the modified tetrahedron method. Tests with larger basis sets and different Brillouinzone samplings yielded only very small changes in the results. The convergence criterion on the energies was set at 1 × 10 −3 mRyd (10 −6 Ryd) per unit cell. The four-atom unit cells shown in figure 1 were used in the total-energy calculations. The unit cell for zinc blende (zb) and cubic diamond (cd) structure is shown in figure 1(a) and the unit cell for hexagonal wurtzite (wur) and hexagonal diamond (hd) structure is in (b). When the same species occupy both the black and white atomic positions, zb and wur become cd and hd, respectively. The 'cubic' and 'wurtzitic' forms of BN are denoted as c-BN and w-BN, respectively. The internal parameter u of the hd structure gives the spacing of two interpenetrating hexagonal close-packed lattices as fractions of the c lattice parameter.
Absolute stability
Calculation of absolute stability requires two items: (1) finding equilibrium states as a function of p and (2) calculating total energy E at constant volume V for various deformations that put the crystal in non-equilibrium states adjacent to the equilibrium state at the same V . If the curvatures of the energy curves at the equilibrium points as functions of the deformation change from positive (corresponding to stable states) to zero and then to negative values, instability has been found for that deformation. The pressure at which the curvature goes to zero is denoted as the maximum pressure p max of absolute stability for that deformation.
For cd C, c-BN and cd Si item 1 is immediate-there is only one structural parameter and, at any volume V per atom, symmetry gives an equilibrium state (first derivatives of E by lattice parameters vanish). Item 2 can be carried out directly on E at each V , E(V ) = E eq (V ), as illustrated in figures 2 and 3, which give p max for γ and c/a deformations. Figure 2 shows the γ variation curves of cd C, c-BN and cd Si at selected volumes (the volume is kept constant when the γ angle is varied). The reference energies are E 0 = −76 196.591, −79 596.900 and −580 062.641 mRyd/atom, respectively, in (a), (b) and (c), which are the minimum energies of the bottom curves at γ = 90
• . For compactness all the curves above the bottom one are shifted towards E 0 by different amounts of energy. Plots of the curvatures of these γ variation curves as functions of pressure (not shown here) give maximum pressures p max of absolute stability of the γ angle at 13 Mbar for cd C, 11 Mbar for c-BN and 0.7 Mbar for cd Si. For hd C, hd Si and w-BN the energy function with three degrees of freedom E hd (c/a, u, V ) applies to all states, equilibrium and non-equilibrium. To find the equilibrium states and E eq (V ) we carry out a calculation called a sweep [31] , which follows the minima of E in the hd or wur structures as we sweep through c/a and u at constant V ; equilibrium has then been achieved in all the free variables (c/a and u) at each V. The minima of the E m -E 0 curves in figure 5 give the equilibrium states of the hd phase with equilibrium total energy E hd mm (V ) = E eq (V ). Then item 2 can be carried out on E eq (V ) with deformations in u, γ and c/a to find instabilities. Plots of the curvatures of the u-sweep curves in figure 5 at the corresponding u m as functions of pressure (not shown here) show that the curvature increases with increasing pressure for hd C and w-BN, hence indicating that no pressures p max for the limit of absolute stability is found for both hd C and w-BN up to 20 Mbar. However, from figure 5(c) the pressure p max for the limit of absolute stability for hd Si occurs at 0.8 Mbar.
A plot of the equilibrium u m obtained from figure 5 as a function of pressure (or volume) illustrates an equilibrium line [32] of the hd phase. Figure 6 shows that the equilibrium lines of hd C and w-BN continue above 20 Mbar, but the equilibrium line of hd Si ends at 0.8 Mbar because the minimum of the u-sweep curve in figure 5(c) disappears at V 90 au 3 /atom ( p 0.8 Mbar). Each of the c/a variation curves (not shown here) of hd C, w-BN and hd Si at selected volumes has been calculated at the given constant V and at the corresponding equilibrium internal parameter u. The curvatures of these c/a variation curves are plotted in figure 7 as a function of pressure. No instability (zero curvature) occurs due to the c/a variation for all three crystals in the pressure ranges of study. Similarly, the curvatures of the γ -variation curves as functions of pressure of hd C, w-BN and hd Si at selected volumes (not presented here) show that no instability occurs due to the γ angle deformation up to 20 Mbar for hd C and w-BN, and up to 0.8 Mbar for hd Si.
Relative stability
For calculation of the relative stability at p of two phases, we need the Gibbs free energies G( p) [33] for both phases. In section 2.1 the calculation of total energy E for any state, equilibrium or non-equilibrium, is described. In section 2.2 the sweep procedure for finding equilibrium states is described giving E eq (V ) for the equilibrium states from tracking minima of E through all lattice degrees of freedom at constant V . From E eq (V ) we find p = −dE/dV , the pressure that supports the equilibrium structure, hence giving G = E + pV and the bulk modulus B = −V d 2 E/dV 2 . The G( p) function for two phases determines the relative stability of the phases at that p; the lower G is, the more stable the state. The Gibbs free energy difference curves as functions of pressure plotted in figure 8 show that
in the pressure range from 0 to 20 Mbar, indicating that cd C and c-BN are more stable than hd C and w-BN, respectively. However, cd Si is more stable than hd Si only at p < 0.4 Mbar, but above this pressure hd Si becomes more stable than cd Si. Evidently absolute stability does not correlate with relative stability, i.e. hd has much greater absolute stability than cd, but lower relative stability. 
Bulk modulus
Section 2.2 gives the procedure for determining the equilibrium line [32] and values of E along the line using the sweep procedure. As noted in section 2.3 the bulk modulus B is given by the second derivative of E eq (V ) along the line. The value of B gives a measure of hardness. Figure 9 shows the bulk moduli as functions of pressure of cd C, c-BN and cd Si. 
Discussion
Members of the pair cd C and hd C crystals and the pair c-BN and w-BN crystals each have similar mechanical properties, but over a wide range of pressure some notable differences occur. We note first that the breakdown of the γ angle is, to date, the lowest pressure at which cd C and c-BN break down: the pressures are 13 and 11 Mbar, respectively. But it is striking that γ breakdown in hd C and w-BN has not occurred up to 20 Mbar. This result points to a greater strength of the hd lattice compared to the cd lattice, and a slightly greater strength of C over BN. The hd structure also has an internal parameter u which varies with pressure ( figure 6 ), but there is also no breakdown of the u parameter up to 20 Mbar, i.e. the phase cd Si is relatively more stable than hd Si only from p = 0 to 0.4 Mbar, whereas above 0.4 Mbar hd Si is more stable. It is of interest to find the elastic constants c i j , i, j = 1-6 of the crystals of C and BN in cd and hd structures. In particular, we want the c i j , which are the coefficients of the expansion of G in strains around equilibrium, because the matrix of the c i j at each p determines stability, hence provides a procedure for finding all instabilities of each phase over any range of p. A major difficulty is that, in crystals like cd and hd with more than one atom in the primitive unit cell, the c i j must be relaxed, i.e. under strain the extra atoms in the cell deviate from homogeneous strain positions and move to minimize the total energy E of the cell. The calculation of the elastic constants by Wang and Ye in [12] made at p = 0 neglected relaxation, hence is probably inaccurate. A program to carry out this minimization of E under strain for two-atom cells is in development. A further application of relaxed elastic constants is to find the increase in pressure due to lattice vibrations. For this calculation we need a pressure correction to add to the c i j which are coefficients of G [34] .
